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Abstract 
The diverging responses to parameter variations of systems at quantum critical points motivate 
schemes of quantum metrology that feature sub-Heisenberg scaling of the sensitivity with the 
system size (e.g., the number of particles). This sensitivity enhancement is fundamentally 
rooted in the formation of Schrödinger cat states, or macroscopic superposition states at the 
quantum critical points. The cat states, however, are fragile to decoherence caused by local 
noises on individual particles or coupling to local environments, since the local decoherence of 
any particle would cause the collapse of the whole cat state. Therefore, it is unclear whether 
the sub-Heisenberg scaling of quantum critical metrology is robust against the local 
decoherence. Here we study the effects of local decoherence on the quantum critical 
metrology, using a one-dimensional transverse-field Ising model as a representative example. 
Based on a previous work [Phys. Rev. Lett. 94, 047201 (2005)] on the critical behaviors of the 
noisy Ising model, which shows that the universality class of the quantum criticality is modified 
by the decoherence, we find that the standard quantum limit is recovered by the single-particle 
decoherence, which is equivalent to local quantum measurement conducted by the 
environment and destroys the many-body entanglement in the ground state at the quantum 
critical point. Based on a renormalization group analysis, we argue that the noise effects on 
quantum critical metrology should be universal. This works demonstrates the importance of 
protecting macroscopic quantum coherence for quantum sensing based on critical behaviors. 
Introduction 
Quantum metrology distinguishes parameters using the distinguishability of quantum states or 
quantum evolution [1, 2]. Quantum states that have suppressed fluctuations of certain 
observables (such as squeezed states and globally entangled states) and quantum evolutions that 
are sensitive to parameter changes can enhance the sensitivity of parameter estimation [3, 4, 5]. 
For an 𝑁 particle product state, the sensitivity scales as 
1
√𝑁
, known as the standard quantum limit, 
whereas the many-body entanglement can push this limit to 
1
𝑁
, known as the Heisenberg limit [6]. 
Systems around quantum critical points have many-body entanglement [7, 8] and their 
evolutions have high susceptibility to external fields [9, 10]. These features motivate schemes of 
  
using quantum critical systems for sensitive parameter estimation [11, 12, 13, 14]. Approaching 
to the critical point, the ground state fidelity susceptibility [12] presents a super-Heisenberg 
scaling with the number of particles (∼ 𝑁𝛼, 𝛼 > 1 ), which alludes to a sensitivity beyond the 
Heisenberg limit 𝑁−1  [15, 16, 17]. Further analysis considering the time consumption of the 
evolution shows that the parameter sensitivity has actually a sub-Heisenberg scaling (𝑁−𝛼,
1
2
<
𝛼 < 1) , lying between the standard quantum limit and the Heisenberg limit [18, 19], which 
nonetheless still represents a significant sensitivity enhancement. 
Decoherence due to coupling to environments, however, may reduce or even eliminate the 
sensitivity enhancement by many-body quantum entanglement. For a finite-N non-interacting 
system prepared in a macroscopic superposition state (a Schrödinger cat state), the 
environmental noise sets the best possible scaling between the standard quantum limit and the 
Heisenberg limit [20, 21]; even worse in the thermodynamic limit 𝑁 → ∞, an infinitesimal noise 
can reduce the scaling from the Heisenberg limit to the standard quantum limit [22, 23, 24, 25]. 
The quantum critical metrology, different from the entanglement-based metrology using 
interaction-free systems [1, 6, 23], fully takes advantage of the fact that both quantum state and 
evolution in sensing process are based on the same realizable many-body system [14, 18].The 
quantum entanglement of a critical ground state, which is the key to the sensitivity enhancement,  
is fragile under local measurements by environments [26] (which is also the underlying 
mechanism of spontaneous symmetry breaking [27]).  A natural question for quantum critical 
metrology using interacting systems is: How would the noise affect the sensitivity scaling? 
Here we study the noise effects on quantum critical metrology, focusing on the scaling of 
sensitivity with the number of particles. It is difficult to consider the problem for generic 
quantum critical states. Therefore, we examine the issue by considering the transverse field 
Ising model as a representative example. This model has exact solutions and its critical 
behaviors are well understood. Previous studies on this model, without considering the effects 
of noises, have shown that the sensitivity of parameter estimation is enhanced by the quantum 
criticality owing to the many-body entanglement at the critical point [11, 12, 13, 14]. We 
generalize these studies  [11, 12, 13, 14] by subjecting the spins to local noises. The local noises 
are modeled by local bosonic environments at zero temperature. The phase diagram of the 
transverse-field Ising model coupled to local bosonic baths has been obtained earlier in Ref. 
[28], which shows that the quantum critical behaviors are dramatically modified. Consistent 
with the phase diagram of the noisy Ising model [28], we find that the many-body 
entanglement of the spins is destroyed by the noise and therefore the sub-Heisenberg scaling 
of the sensitivity is reduced to the standard quantum limit. The effects of boson baths can be 
understood as local measurement on the spins, which destroys the many-body entanglement 
(similar to the onset of spontaneous symmetry breaking [27]). This picture is consistent with 
the effects of noises on quantum-enhanced metrology using non-interacting systems [23]. 
  
Using the universal relations between dynamical critical exponents established in Ref. [29]  by 
renormalization group analysis, we argue that the criticality-enhancement of sensitivity being 
suppressed by local decoherence is a universal effect. This study demonstrates the importance 
of protecting macroscopic quantum coherence for quantum critical metrology. 
Quantum criticality metrology of an Ising chain 
The one-dimensional transverse-field Ising model has the Hamiltonian 
 ?̂? = −𝐽 ∑ ?̂?𝑖
𝑧?̂?𝑖+1
𝑧
𝑁
𝑖=1
− ℎ ∑ ?̂?𝑖
𝑥
𝑁
𝑖=1
, (1) 
where ?̂?𝑖
𝑥/𝑦/𝑧 
 is the Pauli matrix of the 𝑖-th spin along the x/y/z direction, 𝐽 is the ferromagnetic 
coupling strength, and ℎ is the strength of the transverse field. In the thermodynamic limit 𝑁 =
∞, the paramagnetic-ferromagnetic quantum phase transition occurs at the critical point 𝐽 =
|ℎ| ≡ 𝐽C . Above the critical coupling 𝐽 > 𝐽C , the ferromagnetic order ⟨?̂?
𝑧⟩  emerges with the 
breaking of the 𝑍2 symmetry under the transformation 𝑒
−𝑖
𝜋
2
𝑁?̂?𝑥, where ?̂?𝑥 𝑦⁄ 𝑧⁄ =
1
𝑁
∑ ?̂?𝑖
𝑥 𝑦⁄ 𝑧⁄  𝑁
𝑖=1 . 
Near the critical point, the correlation length, diverging as 𝜉~|𝐽 − 𝐽C|
−𝜈 , becomes the only 
relevant scale. According to the scaling hypothesis, thermodynamic quantities scale by power 
laws with the correlation length. Examples are ⟨?̂?𝑧 ⟩ ∼ 𝜉
−𝛽 𝜈⁄  and 𝜒 =
𝜕
𝜕ℎ𝑧 
⟨?̂?𝑧⟩|
ℎ𝑧=0
∼ 𝜉𝛾 𝜈⁄ , 
where ℎ𝑧 is a magnetic field along the z direction. At the quantum critical point, the system state 
is sensitive to the magnetic field ℎ𝑧 . To estimate the parameter  ℎ𝑧 , the quantum critical 
metrology follows the following procedure [18]. First, the system  is prepared at the ground state 
at quantum critical point; then, a small magnetic field ℎ𝑧  is applied; finally, after the free 
evolution of time 𝑡, a quantum measurement is performed and the results are compared with 
those obtained without applying the field ℎ𝑧. The sensitivity is defined as the smallest  ℎ𝑧 that 
yields measurement difference greater than the quantum fluctuation for a evolution time t, i.e., 
𝛿ℎ𝑧 = ℎ𝑧,min√𝑡. The sensitivity depends on the choice of the measurement basis. Nonetheless,  
there is a theoretical lower bound for all possible measurements, known as the Cramér-Rao 
bound [30]   
 𝛿ℎ𝑧  ≥
1
√𝐹(ℎ𝑧) 𝑡⁄
, (2) 
where 𝐹(ℎ𝑧) is the quantum Fisher information to the parameter ℎ𝑧. The bound is satisfied by 
choosing  the optimized measurement basis, namely, the basis formed by the eigenstates of the 
symmetric logarithmic derivative ?̂?, which is defined by 𝜕ℎ𝑧  𝜌(ℎ𝑧) =
1
2
( ?̂?𝜌 + 𝜌 ?̂?). For the Ising 
model, we have ?̂?  = 2𝑁 ∑
1−𝑒−𝑖(𝐸𝑛−𝐸0)𝑡
𝐸𝑛−𝐸0
𝑛≠0  |𝑛⟩⟨𝑛| ?̂?
𝑧
  |0⟩⟨0| + h. c., where |0⟩ and |𝑛⟩ are the 
  
ground state and the 𝑛-th excited state of the Ising model, respectively and 𝐸0 and 𝐸𝑛 are the 
corresponding eigenenergies. The quantum Fisher information is given by 𝐹(ℎ𝑧) = Tr[L̂
2𝜌] and 
is related to the spectral function 𝜒′′(𝑞 = 0, 𝜔) = 𝜋𝑁 ∑ |⟨0|?̂?𝑧 |𝑛⟩|
2
𝛿(𝜔 − 𝐸𝑛 + 𝐸0)𝑛≠0  by [31] 
 𝐹(ℎ𝑧) =
8𝑁
𝜋
∫ 𝑑𝜔 𝜒′′(𝑞 = 0, 𝜔)
1 − cos 𝜔𝑡
𝜔2
. (3) 
Note that the optimal measurement basis states are in general highly entangled and therefore 
the measurement is highly non-trivial [14]. 
The critical behaviors are determined by the low-energy excitations. Around the critical point, 
the gap of low-energy excitations scales with the correlation length by 𝜔 ∼ 𝜉−𝑧 ,where 𝑧 is the 
dynamic critical exponent. Apply this scaling equation to Eq. (3) and using the fluctuation-
dissipation theorem 𝜒 = ∫
d𝜔
𝜋𝜔
𝜒′′(𝑞 = 0, 𝜔) ∼ 𝜉𝛾∕𝜈, we get [18] 
 𝐹(ℎ𝑧) ∼ 𝑁𝑡
2𝜉𝛾 𝜈⁄ −𝑧, for 𝑡 < 𝜉𝑧 ,  (4a) 
 𝐹(ℎ𝑧) ∼ 𝑁𝜉
𝛾 𝜈⁄ +𝑧,           for  𝑡 ≥ 𝜉𝑧 .   (4b) 
Note that Eqs. (3) and  (4) are not limited to the specific model we adopt but hold for general 
quantum critical systems. For the transverse-field Ising model, the critical exponents are exactly 
solved to be 𝛾 = 7/ 4, 𝜈 = 1, and 𝑧 = 1 [32]. Applying these exponents to Eq.  (4), we obtain a 
super-Heisenberg quantum Fisher information scaling [33] 
𝐹(ℎ𝑧) ∼ 𝑁
15
4 , 
at the long-time limit (𝑡 > 𝑁), where the condition 𝜉 ∼ 𝑁 for the one-dimensional system has 
been used. The super-Heisenberg scaling comes from the fact that the evolution time is absorbed 
into the scaling of N [18].  If the evolution time 𝑡 < 𝜉𝑧 , the scaling of the quantum Fisher 
information becomes 
𝐹(ℎ𝑧) ∼ 𝑡
2𝑁
7
4, 
which yields a sub-Heisenberg limit [18] 
 𝛿ℎ𝑧 ∼ 𝑡
−
1
2𝑁−
7
8.  (5) 
Compared with the standard quantum limit 𝛿ℎ𝑧 ∼ (𝑡𝑁)
−1∕2, the quantum critical metrology 
yields a sensitivity enhancement by 𝑁−3/ 8. This enhancement results from the many-body 
entanglement at the quantum critical point [14]. 
  
 Inspired by the idea of using the dynamical susceptibility to reflect the multipartite 
entanglement [31],  we use the average variance 𝑁e = N 𝑉𝑎𝑟(Ŝ
𝑧)
 
  to characterize the 
multipartite entanglement of the ground state, which has the physical meaning of the number 
of neighboring spins that are entangled. The Fisher information can be written as 𝐹(ℎ𝑧) ≈
4𝑁𝑡2𝑁e.  As proved in Refs. [34, 35], 𝐹(ℎ𝑧)/ (4𝑡
2) ≤ 𝑁𝑘 if the state is 𝑘-producible (i.e., there 
are at most 𝑘 neighboring  particles entangled), the critical ground state has at least 𝑁e ∼ 𝑁
3/4 
neighboring particles entangled. Note that that 𝑁e →  𝑂(𝑁
𝛼) with 𝛼 > 0 indicates long-range 
correlation and hence long-range order. The 𝑁e-multipartite entanglement also indicates that a 
multipartite detection scheme is necessary to reach the optimal sensitivity set by the Cramér-
Rao bound Eq. (2), because a single-particle detection scheme would cause the entanglement 
state collapse to a product state.  
 
Effects of local decoherence  
We consider a one-dimensional transverse-field Ising model with each spin coupled to an 
independent bosonic environment [28]. The total Hamiltonian reads  
 ?̂?𝑛𝑜𝑖𝑠𝑦 = ?̂? + ∑ [?̂?𝑖
𝑧𝑔𝑘(?̂?𝑖,𝑘 + ?̂?𝑖,𝑘
†  ) + 𝜔𝑘?̂?𝑖,𝑘
†  ?̂?𝑖,𝑘
  ]
𝑖,𝑘
, (6) 
where ?̂?𝑖,𝑘
  (?̂?𝑖,𝑘
† ) is the annihilation (creation) operator of the 𝑘-th mode  of the bosonic bath 
coupled to the 𝑖-th spin, with frequency 𝜔𝑘 and coupling strength 𝑔𝑘 (both assumed site 
independent). The noise spectrum, 𝐽(𝜔) = ∑ 𝑔𝑘
2𝛿(𝜔 − 𝜔𝑘)𝑘 , is the same in all sites by 
assumption. We set the environment temperature to be zero and take the noise spectrum as 
Ohmic, i.e., 𝐽(𝜔) = 𝛼𝜔𝑒−𝜔/ 𝜔𝑐, with cutoff 𝜔𝑐. The noise strength is characterized by the 
dimensionless constant 𝛼. Discussion on the effects of other types of noise spectra is given 
later.  
The effects of decoherence can be understood in the picture of local quantum measurement 
“performed” by the local bosonic environments. When a local spin is in the state with ⟨?̂?𝑖
𝑧⟩ =
±1, the boson mode 𝑘 gets a ±𝑔𝑘 displacement. Thus, the boson modes measure the local spin 
state in the basis of ?̂?𝑖
𝑧 and the spin collapses to one of the basis states. Generally, the local 
bosonic bath only weakly measures the spin. Theoretically, the weak measurement is 
characterized by Kraus operators  ?̂?±
(𝑖) =
1
√2
[√1 − 𝜂/2𝐼𝑖 ± √𝜂/2?̂?𝑖
𝑧] with ± denoting the sign 
of displacement and 𝜂 ∈ [0,1] the measurement strength. Another physical meaning of 𝜂 is the 
decoherence of the spin due to coupling to the bosonic bath. The reduced density matrix of the 
spins after tracing out the bosonic baths is 
 𝜌𝑀 = ∏ ∑ ?̂?𝜆𝑖
(𝑖)
|0⟩⟨0|?̂?𝜆𝑖
(𝑖)† 
{𝜆𝑖=±}𝑖
. (7) 
  
 
The weak measurements of individual spins add up to a strong measurement of the whole spin 
chain.  Such a process limits the correlation length to 1/𝜂  at the critical point. Therefore, the 
spin chain collapses into a state robust against local decoherence (essentially a product state). 
A product state would have its parameter estimation sensitivity scaling with the number of 
particles as 1/√𝑁, hence the standard quantum limit.  
To quantitatively study the decoherence effects,  we map the one-dimensional quantum 
transverse-field Ising model to a two-dimensional classical Ising model using Suzuki-Trotter 
decomposition with discrete imaginary time 𝜏 = 1, ⋯ , 𝑁𝜏 [36]. The action is denoted as 
𝑆(𝑠𝑖,𝜏, ?̂?𝑖,𝑘). After integration of the bosonic modes, an effective Ising action is obtained as  
 𝑆𝑒𝑓𝑓 = − ∑  
𝑁𝑥
𝑖=1
[∑(𝐾 𝑠𝑖,𝜏𝑠𝑖+1,𝜏 + 𝛤𝑠𝑖,𝜏𝑠𝑖,𝜏+1) 
𝑁𝜏
𝜏=1
+
𝛼
2
∑
(𝜋/𝑁𝜏)
2𝑠𝑖,𝜏𝑠𝑖,𝜏′
sin2 (
𝜋(𝜏 − 𝜏′)
𝑁𝜏
)
 
 
𝑁𝜏
𝜏<𝜏′
 ], (8) 
where 𝑠𝑖,𝜏 = ±1 is the classical spin, 𝐾 = 𝐽𝜏𝑐, and 𝛤 = −
1
2
ln(tanh ℎ𝜏𝑐) with 𝜏𝑐 = 1 being the 
lattice constant in the imaginary time direction. There emerges a long-range effective 
interaction along the imaginary time direction.  
We reproduce the phase diagram and the critical exponents presented in Ref. [28], as shown in 
Appendix A. With the transverse field ℎ fixed, the coupling to local environments extends the 
phase boundary from a critical point to a critical line in the 𝛼 − 𝐽 plane. When 𝐽 > 𝐽C, the 
system is always in the ferromagnetic phase as excepted. When 𝐽 ≤ 𝐽C, a transition between 
the paramagnetic and the ferromagnetic phases occurs at a critical noise strength 𝛼C. As 
expected, 𝛼C increases with decreasing 𝐽.  
The destruction of the long-range entanglement by the local decoherence is further evidenced 
by the decay of the spin correlation. We define the correlation function 𝐶(𝑟, 0) ≡ ⟨𝑠𝑟,0𝑠0,0⟩ −
⟨𝑠0,0 ⟩
2
= ⟨𝜎𝑖+𝑟
𝑧 𝜎𝑖
𝑧⟩.  Around the critical point, the scaling theory gives 𝐶(𝑟 ≫ 1,0) ∼ 𝑟−(𝑧+𝜂−1), 
since 𝐶(𝑟, 0) = ∫
𝑑𝜔
2𝜋
∫
𝑑𝑘
2𝜋
 ?̃?(𝑘, 𝜔)𝑒𝑖𝑘𝑟 and ?̃?(𝑘, 𝜔) ∼ (𝜔2/ 𝑧 + 𝑘2)1−𝜂/2 at the critical point 
[28]. The numerical fitting 𝐶(𝑟 ≫ 1,0) = 𝑎 𝑟−𝑏 + 𝑐 yields the critical exponent 𝑧 + 𝜂 − 1 =
0.25(2) for the quantum critical point without decoherence and 𝑧 + 𝜂 − 1 = 1.0(2) for the 
critical point with decoherence. The faster decay of the correlation 𝐶(𝑟, 0) in the decoherence 
case indicates that the coupling of the spins to local environments destroys the multipartite 
entanglement. Indeed, the average variance 𝑁e ≈ ∫ 𝑑𝑟 𝐶(𝑟, 0)
𝑁
0
  changes from the power law 
scaling 𝑁e ∼ 𝑁
3/4 to the logarithm scaling 𝑁e ∼ log 𝑁 with the system size N. 
 
  
The quantum Fisher information, in term of the spin correlation, reads 
 𝐹(ℎ𝑧) ≈ 𝑁𝑡
2 ∑⟨𝑠𝑖,0𝑠0,0⟩
𝑖
≈ 𝑁𝑡2𝑁e, (9) 
which depends only on the equal-imaginary-time correlation. In accordance to the decoherence 
effects on the long-range correlation, the Fisher information is reduced by decoherence to  
 𝐹noisy(ℎ𝑧) ∼ 𝑁𝑡
2, (10) 
up to a logarithm modification  log 𝑁 at the noisy quantum critical point.  The scaling relation in 
Eq. (10) is consistent with the scaling analysis in Eq. (4a)  where 𝐹(ℎ𝑧) ∼ 𝑁𝑡
2𝜉𝛾/𝜈−𝑧 ∼
𝑁𝑡2𝜉2−𝜂−𝑧 ∼ 𝑁𝑡2. Here we have used the fact that 𝑧 + 𝜂 ≈ 2 and the Fisher scaling law 𝛾/𝜈 =
2 − 𝜂.  In conclusion, the local decoherence reduces the sensitivity scaling with the system size 
to standard quantum limit. This result is consistent with the previous study on the noisy on the 
quantum metrology using entangled states of non-interacting systems in the thermodynamic 
limit [23]. 
 
Noise spectra 
Above we have assumed that the noise spectrum has the Ohmic form in Eq. (6), where the 
scaling law 𝑧 + 𝜂 = 2 holds. Here we consider a more general power-law noise spectrum 𝐽(𝜔) =
𝛼𝜔𝑠𝜔𝑐
1−𝑠𝑒−𝜔/𝜔𝑐  with cutoff 𝜔𝑐 . This spectrum has density ∼ 𝜔
𝑠  at the low-energy limit. The 
effective Ising model, after integration of the bosonic modes as in Eq. (8), has a long-range 
interaction ∼ (𝜏 − 𝜏′)−(1+𝑠) in imaginary time dimension. The previous studies of the long-range 
Ising model show that the critical exponents have three regimes depending on the value of 𝑠: the 
mean-field regime 0 < 𝑠 < 2/3 where 𝑧 = 2/𝑠 and 𝜂 = 0, the continuous regime 2/ 3 ≤  𝑠 <
2 where 𝑧 + 𝜂  varies continuously from 3 to 5/4, and the Ising universality regime 𝑠 ≥ 2 where 
𝑧 = 1  and 𝜂 = 1/4  [37, 38, 39, 40]. The Fisher information 𝐹(ℎ𝑧) ∼ 𝑁𝑡
2𝜉2−𝜂(𝑠)−𝑧(𝑠)  is a 
monotonically decreasing function of 𝑠. The standard quantum limit 𝐹(ℎ𝑧) ∼ 𝑁𝑡
2 is reached at 
the threshold 𝑠 = 1 where 𝑧 + 𝜂 = 2. For 𝑠 > 1, there is always enhancement by the quantum 
criticality (which leads to diverging correlation length  𝜉 ).  In particular, the noises become 
irrelevant when 𝑠 ≥ 2 where 𝑧 = 1 and  𝜂 = 1/4 are constants. Physically, a bosonic bath with 
𝑠 ≥ 2 is essentially a gapped system and therefore has no effects on the spin decoherence at 
zero temperature.  
On the other side of the threshold, 𝑠 < 1, the local decoherene can even reduce the Fisher 
information to a sub-standard quantum limit, 𝐹(ℎ𝑧) ∼ 𝑁
1−𝑥𝑡2 with 𝑥 > 0.  Physically, this is 
because the strong damping of the spins by strong noises at low frequencies would make the 
spin dynamics less sensitive to the field  ℎ𝑧 (similar to the case of over-damped oscillators).  
  
Universal decoherence effects on quantum critical metrology  
Now we argue that the effects of local decoherence of Ohmic spectrum on the quantum 
critical metrology, namely, the reduction of the sensitivity scaling to the standard quantum 
limit, is universal, using the renormalization group analysis in Ref. [29] 
The low-energy effective field theory for the Ising model in Eq. (8) is effectively captured by a 
𝜙4 action [41] 
 
𝑆 = ∬ 𝑑𝑥 𝑑𝜏 [
1
2
(𝜕𝑥𝜙(𝑥, 𝜏)
 )2 +
1
2
(𝜕𝜏𝜙(𝑥, 𝜏))
2
+
Δ
2
𝜙2 
−𝐴∫ 𝑑𝜏′
𝜙(𝑥, 𝜏)𝜙(𝑥′, 𝜏′)
2𝜋(𝜏 − 𝜏′)2
+
𝜇0
4!
𝜙4(𝑥, 𝜏)], 
(11)) 
where the coefficients in the 𝜕𝑥𝜙(𝑥, 𝜏)
 and 𝜕𝜏𝜙(𝑥, 𝜏) terms are neglected as they are irrelevant 
for the scaling analysis. In Eq. (11), 𝐴 ∝ 𝛼  is the noise strength,  Δ and μ0 are 
phenomenological parameters that can be determined by fitting to experimental or numerical 
data. With the 𝜙4 term neglected, the free propagator is 𝐶0
−1(𝑞, 𝜔) = (Δ + 𝐴|𝜔| + 𝜔2 + 𝑞2) . 
From the free propagator one can see that there is a crossover of the dynamical critical 
exponent between 𝑧 = 1 and 𝑧 = 2 with lowering the energy scale Γ0. When 𝜔 ≫ 𝐴, the 𝐴 
term is negligible, so the resonance has dispersion 𝜔2 ∼ 𝑞2 (i.e., 𝑧 = 1); when 𝜔 ≪ 𝐴, the 𝜔2 
term is irrelevant, so the dispersion becomes 𝜔 ∼ 𝑞2/𝐴 (i.e., 𝑧 = 2). Around the critical point, 
the system behaviors are dominated by the low energy excitation with divergent correlation 
length, which renders the 𝜔2 term irrelevant and thus 𝑧 = 2.  
When the 𝜙4 interaction is taken into consideration, the dimension analysis shows that 
[𝜙(𝑥, 𝑡)]~𝜉
2−𝑑−𝑧
2  with 𝑑 denoting the dimension of the model [29]. Such an analysis yields an 
upper critical dimension 𝑑 = 2 with the assumption that 𝑧 = 2. That is when 𝑑 ≥2, e.g., in 2D 
transverse-field Ising model case, [∫ 𝑑𝑥𝑑𝑑𝜏𝜙4] = 𝜉4−𝑑−𝑧~𝑂(1)  and the mean-field theory 
that neglects the 𝜙4 fluctuation becomes exact. Consequently 𝑧 = 2 hold for 𝑑 ≥ 2. Below the 
upper-critical dimension an 𝜖 = 2 − 𝑑 expansion method can be used to analyze the effect of 
the 𝜙4 term. The analysis (see Appendix B) shows that the susceptibility has a universal 
expression ?̃?(𝑞, 𝑖𝜔) = 𝑞−2+𝜂𝜙(
𝜔
𝑐𝑞2−𝜂 
), which leads the universal scaling relation 
[𝜔] ∼ 𝜉2−𝜂 and therefore the scaling law for the quantum phase transition with the 
decoherence effects [29] 
 𝑧 + 𝜂 = 2. (12) 
Note that this dynamical scaling law holds for more general multi-component field theories 
with 𝜙𝑛=1,2,…,𝑀 [29]. The generalization to multi-component field theories indicates the scaling 
law holds for both discrete symmetry and continuum symmetry systems, e. g., the O(2) 
  
symmetry (XXZ spin-½ chain) described by the two component field 𝜙𝑛=1,2. 
Based on the quantum-to-classical mapping, a (𝑑 + 𝑧)-dimensional classical system 
corresponds to a d-dimensional quantum system [7]. The universal scaling relation Eq. (12) 
indicates that the equal imaginary time correlation 𝐶(𝑟, 0) ∼ 𝑟−𝑑 and the average variance 
𝑁e ∼ log 𝜉 for a general d-dimensional quantum critical system under noises of an Ohmic 
spectrum.  Thus, the quantum Fisher information (see Eq. (10)) scales by the standard 
quantum limit for a general quantum critical system subjected to local decoherence.  
 
Conclusion 
We have analyzed the effects of local decoherence on the sensitivity of parameter estimation 
by a quantum spin system at the critical point. Using the one-dimensional transverse-field Ising 
model coupled to local bosonic environments as a representative example, we find that the 
local decoherence reduces the scaling of the sensitivity from the sub-Heisenberg limit to the 
standard quantum limit, diminishing the sensitivity gain due to the long-range entanglement at 
the critical point. Such reduction is understood in the picture that the coupling to the local 
environments amounts to a local measurement of the spins, which causes a globally entangled 
state collapse into a product state. The conclusion is consistent with the previous studies on 
entanglement-enhanced quantum metrology [23, 24], which show that in the thermodynamic 
limit an arbitrarily small noise would recover the standard quantum limit. Using universal 
scaling laws discovered in Ref. [29], we argue that the conclusion should hold for general 
quantum phase transitions that are sensitive to local decoherence. 
Since the symmetry-breaking quantum phase transitions are in general associated with the 
macroscopic superposition of short-range entangled states (such as product states) [27], the 
diverging susceptibility at the quantum criticality is inevitably associated with the fragility of the 
cat states in noisy environments. This might impose general constraints on quantum metrology 
based on symmetry-breaking quantum criticality.  It is therefore intriguing to ask whether the 
quantum criticality that does not involve symmetry breaking (e.g., that dues to the formation of 
topological orders [42]) could offer quantum critical metrology robust against local 
decoherence [43] since the topological cat states at such critical points are macroscopic 
superposition of locally indistinguishable, long-range entangled states and are therefore 
immune to local perturbations.  However, the insensitivity to local noises of topological cate 
states means insensitivity to local parameters (such a field coupled uniformly to individual 
particles). It remains an open, interesting question whether and how a measurement of a non-
local parameter (which would require quantum measurement on a non-local basis) could be 
designed to exploit the local-decoherence-resilience of topological quantum criticality. 
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Appendix A. Phase diagram by Monte-Carlo simulation 
The phase diagram and correlation function of the Ising action in Eq.(8) are obtained from the 
Monte-Carlo simulation. The Monte-Carlo method is based on importance sampling, which uses 
the sampling average to approximate the exact average values. An example is the average of an 
observable ⟨𝑂({𝑠𝑥,𝑦})⟩ as 
 ⟨𝑂({𝑠𝑥,𝑦})⟩ = ∑ 𝑃eq({𝑠𝑖,𝜏}){𝑠𝑖,𝜏} 𝑂({𝑠𝑖,𝜏}) ≈ 𝐿
−1  ∑ 𝑂 ({𝑠𝑥,𝑦
(𝑙) })𝐿𝑙=1 , (1) 
where 𝑃𝑒𝑞({𝑠𝑖,𝜏}) =
1
𝑍
𝑒−𝑆({𝑠𝑖,𝜏})  is the equilibrium distribution for the action 𝑆({𝑠𝑖,𝜏}), {𝑠𝑥,𝑦
(𝑙) } is 
the 𝑙 -th spin configuration sampling according to the probability distribution  𝑃eq({𝑠𝑖,𝜏}) , and 𝐿  
the total number of sampled configurations. The error of the sampling average follows the 
central limit theorem, that is, δ𝑂 ≈
Δ𝑂
√𝐿−1
 , where  Δ𝑂 = √⟨𝑂2⟩ − ⟨𝑂⟩2 is the intrinsic 
observable fluctuation.  When 𝐿 is large enough, the sampling result becomes exact.  
The sampling with a given probability distribution 𝑃eq({𝑠𝑖,𝜏}) is generated from the Metropolis 
algorithm,  in which the (𝑙 + 1)-th spin configuration {𝑠𝑖,𝜏
(𝑙+1)}  is generated from the 𝑙-th  
configuration {𝑠𝑖,𝜏
(𝑙)}  by a stochastic walk with an acceptance probability 𝑃 ({𝑠𝑖,𝜏
(𝑙+1)}|{𝑠𝑖,𝜏
(𝑙)}) =
𝑃eq({𝑠𝑖,𝜏
(𝑙+1)})
𝑃eq({𝑠𝑖,𝜏
(𝑙)})
 . The proper choice of the conditional probability makes the (𝑙 + 1)-th spin-
configuration sampling satisfies the same equilibrium distribution 𝑃eq as that of the 𝑙-th spin-
configuration sampling.  
The initial spin configuration sampling that satisfies 𝑃eq is also generated by similar stochastic 
walks, in which, starting from an arbitrary, random spin configuration, after 𝑚 ≫ 1 steps of 
stochastic walks, the probability distribution of the spin configuration {𝑠𝑖,𝜏
(𝑚)} converges to the 
equilibrium distribution 𝑃eq, as a result of the detailed balance condition. 
For each fixed value of  𝐽/𝐽C, we gradually scan the noise strength 𝛼 to find the critical point 𝛼C.  
The magnetic susceptibility, 𝜒 =
⟨𝑆2⟩−⟨𝑆⟩2
𝑁𝑁𝜏
 (with 𝑆 = ∑ 𝑠𝑖,𝜏𝑖,𝜏 ), peaks at the noise strength 𝛼max, 
whose value depends on the system size 𝑁  (see Fig. 1(a)). Here,  𝑁𝜏 is chosen to be a large 
enough number. According to the finite-size scaling hypothesis,  |𝛼max − 𝛼C| scales with 𝑁  by 
 |αmax − 𝛼C| ∼ 𝑁 
−1/𝜈𝛼 . (2) 
A numerical fitting 𝛼max = 𝛼C + 𝑎 𝑁 
−1/𝜈𝑎 yields the critical point 𝛼C and the critical exponent 
  
𝜈𝛼 (see Fig. 1 (b)).  
The critical noise strength 𝛼C as a function of the ferromagnetic coupling strength defines the 
phase diagram, shown in Fig. 2 (a). In Fig. 2 (b), we compare the critical correlation function 
between the noise-free quantum critical point (𝐽 = 𝐽C  and 𝛼C = 0) and the noisy one (𝐽 =
0.6𝐽C and 𝛼C = 1.141). At the critical point, the scaling hypothesis dictates a scaling relation 
𝐶(𝑟 ≫ 1,0) ∼ 𝑟−(𝑧+𝜂−1). The numerical fitting 𝐶(𝑟, 0) = 𝑎 𝑟𝑏 + 𝑐 yields the critical exponent 
𝑧 + 𝜂 − 1 =  0.25(2) for the the noise free critical point and 𝑧 +  𝜂 −  1 =  1.0(2) for the 
noisy one. With the noise the correlation decays faster, indicating that the many-body 
correlation or entanglement is weaker. 
 
Figure 1. (a) Magnetic susceptibilities as functions of the noise strength for different system 
sizes 𝑁 . Here we fix  ℎ = 1.0,  𝐽/𝐽C = 0.8, and  𝑁𝜏 = 500.  (b)  Scaling of the peak position 
𝛼𝑚𝑎𝑥 for the magnetic susceptibility with system size 1/𝑁 . The dashed line is the fitting 
𝛼𝑚𝑎𝑥 = 𝛼𝐶 + 𝑎 𝑁 
−1/𝜈𝑎, with the fitting parameters 𝛼𝐶 = 0.049 and 𝜈𝛼 = 0.73. 
  
 
Figure 2. Critical behaviors of the one-dimensional transverse-field Ising model coupled to local 
environments. (a) The phase diagram for quantum phase transitions between the paramagnetic 
phase (Para.) and the ferromagnetic (Ferro.) phases with the spin coupling  𝐽 and the coupling 
strength 𝛼 to local environments. (b) The equal-time correlation function 𝐶(𝑟, 0) = ⟨𝑠𝑟,0𝑠0,0⟩ 
for two points on the critical line, (
𝐽
𝐽C
, 𝛼C) = (1,0) and (0.6, 0.141) (marked by the solid and 
open stars in (a), respectively). The lines are fitting 𝐶(𝑟, 0) = 𝑎𝑟−𝑏 + 𝑐 with 𝑏 = 0.25(2) for 
𝐽 = 𝐽C and 𝛼C = 0.0 (black) and 𝑏 = 1.0(2), for 𝐽 = 0.6𝐽C and 𝛼C = 0.141 (orange). In the 
numerical calculation, we take the system size (𝑁 , 𝑁𝜏) = (200, 3000). 
 
Appendix B. Renormalization group analysis 
The low-energy effective field theory for the Ising model coupled to local bosonic baths is 
captured by the 𝜙4 action 
 𝑆 = ∬ 𝑑𝑥 𝑑𝜏 [
1
2
(𝜕𝑥𝜙(𝑥, 𝜏)
 )2 +
Δ
2
𝜙2  − 𝐴∫ 𝑑𝜏′
𝜙(𝑥,𝜏)𝜙(𝑥′,𝜏′)
2𝜋(𝜏−𝜏′)2
+
𝜇0
4!
𝜙4(𝑥, 𝜏)]. (4) 
 
Figure 3. Leading order diagrams of the 𝜙4 action for the renormalization group analysis. 
  
From the dimensional analysis, we get  [𝜙(𝑥, 𝑡)] ∼ 𝜉
2−𝑑−𝑧
2   and the upper-critial dimension 𝑑 =
4 − 𝑧 with 𝑧 = 2 for the interaction-free theory.  Above the upper-critical dimension, i.e., 𝑑 ≥
2, the 𝜙4 term becomes irrelevant and the renormalization of the system flows to the 
interaction-free theory.  Around the upper-critical dimension, an expansion with respect to 𝜖 =
2 − 𝑑 is used to analyze the effect of the 𝜙4 term. Following the renormalization group analysis 
[29], we obtain the flow equation that includes the leading order loop diagrams (shown in Fig. 
3) 
 𝜆
𝑑
𝑑𝜆
Δ(𝜆) = 2Δ +
𝑔
2
−
Δ𝑔
2
, (5𝑎) 
 𝜆
𝑑
𝑑𝜆
𝑔(𝜆) = 𝜖𝑔 −
3
2
𝑔2, (5𝑏) 
 𝜆
𝑑
𝑑𝜆
ln ?̃?−1(𝑞, 0) = 2 −
12 − 𝜋2
48
𝑔2, (5𝑐) 
 ?̃?−1(0, 𝑖𝜔) ≈ (1 + 𝑐𝑔2)𝐴|𝜔|, (5𝑑) 
where 𝜆 is the renormalization parameter, 𝑔(𝜆) =
2𝜇0(𝜆)
𝜋Γ(
𝑑
2
)(4𝜋)
𝑑
2  
  is  the renormalized interaction 
strength, and ?̃?(𝑞, 𝑖𝜔) = ⟨𝜙(−𝑞, 𝑖𝜔)𝜙(𝑞, −𝑖𝜔)⟩ is the correlation function in Fourier space.  The 
fixed point is Δ∗ ≈ −
𝜖
6
 and 𝑔∗ =
2
3
𝜖 . Around the critical point, the scaling analysis 
yields [?̃?(𝑞, 0)] ∼ (𝜉)2−𝜂  with 𝜂 =
12−𝜋2
108
𝜖2  and [ Δ − Δ∗] ∼ 𝜉
−
1
𝜈  with 𝜈 =
1
2
+
𝜖
12
. The linear 
dependence on |𝜔|  of ?̃?(𝑞, 𝑖𝜔 )  indicates that the susceptibility has a universal expression 
?̃?(𝑞, 𝑖𝜔) = 𝑞2−𝜂𝜙(
𝜔
𝑐𝑞2−𝜂
), which leads to the universal scaling relation[𝜔] ∼ 𝑞2−𝜂 and therefore 
the scaling law for the quantum phase transition with the decoherence effects  
 𝑧 + 𝜂 = 2. (6) 
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